Abstract. The purpose of this note is to explain the relation between the cocenter and Grothendieck group of finite dimensional representations of affine Hecke algebras. It is based on my talk given in Vogan conference, 05/2014.
Introduction
Affine Hecke algebras arise naturally in the study of smooth representations of reductive p-adic groups. Finite dimensional complex representations of affine Hecke algebras (under some restriction on the isogeny class and the parameter function) has been studied by many mathematicians, including Kazhdan-Lusztig [KL] , Ginzburg [CG] , Lusztig [Lu] , Reeder [Re1] , Opdam-Solleveld [OS] , Kato [Kat] , etc. The approaches are either geometric or analytic.
In this note, we'll discuss a different route, via the so-called "cocenterrepresentation duality", to study finite dimensional representations of affine Hecke algebras (for arbitrary isogeny class and for a generic complex parameter). This route is more algebraic, and allows us to work with complex parameters, instead of equal parameters or positive parameters. We also expect that it can be eventually applied to the "modular case" (for representations over fields of positive characteristic and for parameter equal to a root of unity).
1. A naive example: group algebras of finite groups 1.1. To explain some basic idea of the cocenter-representation duality, we start with a naive example.
Let G be a finite group and V be a finite dimensional complex representation of G. We define the character of V by χ V (g) = T r(g, V ) for g ∈ G. Then χ V is a class function, i.e., χ V (g) = χ V (g ′ ) if g and g ′ are conjugate in G.
Let V 1 , · · · , V k be the irreducible representations of G (up to isomorphism) and O 1 , · · · , O l be the conjugacy classes of G. It is well known that k = l and (a) The matrix (χ V i (g j )) 1 i,j k is invertible, where g j is a representative of O j .
This matrix is called the character table of G. It is easy to see that (1) For any g, g ′ in a given conjugacy class O of G, the image of g and g ′ inH 1 are the same. We denote it by [O] .
* is an isomorphism of vector spaces. We call it the cocenter-representation (in short,H − R(H)) duality of the group G and the group algebra H 1 .
Coxeter groups and Hecke algebras
2.1. Let S be a finite set and M = (m st ) s,t∈S be a Coxeter matrix, i.e., m ss = 1 for all s ∈ S and m st = m ts ∈ {2, 3, · · · } ∪ {∞} for all s = t in S. The Coxeter group W = W (M) is the group defined by the generators s ∈ S and relations (st) mst = 1 for s, t ∈ S with m st < ∞. In additional to the group structure, the length function ℓ : W → N plays a crucial in this note. Here for any w ∈ W , ℓ(w) is the minimal integer n such that w = s 1 · · · s n , where s i ∈ S.
2.2. Fix a set of indeterminates q = {q(s) : s ∈ S} such that q(s) = q(t) if s and t are conjugate in W , and let Λ = Z[q(s) ±1 : s ∈ S]. The generic Hecke algebra H = H(W, q) is the Λ-algebra generated by {T w : w ∈W } subject to the relations:
(
If we assign a nonzero element c s ∈ C × to q(s) for s ∈ S, then we can regard C as a Λ-module and H c := H ⊗ Λ C is the specialization of H. In particular, if c s = 1 for all s ∈ S, then we obtain the group algebra
3. TheH − R(H) duality for finite Hecke algebras 3.1. In this section, we assume that W is a finite Coxeter group and H is a finite Hecke algebra.
By Tits' deformation theorem [GP2, Theorem 7.4.6 & 7.4.7], for generic parameter c = {c s ; s ∈ S}, the Hecke algebra H c is isomorphic to the group algebra H 1 , and hence the number of irreducible representations of H c equals the number of irreducible representations of H 1 , and hence equals the number of conjugacy classes of W .
However, the trace function T r(−, V ) is not a "class function" in the sense that T r(T w , V ) = T r(T w ′ , V ) if w and w ′ are conjugate in W .
To overcome this difficulty, we use the following remarkable property of finite Weyl groups, first discovered by Geck and Pfeiffer [GP1] via a case-by-case analysis, with the aid of computer for exceptional types. A case-free proof was found 20 years later in [HN1] . (2) Any two elements in O min are "strongly conjugate", i.e., conjugate in the associated Braid group.
3.2. In the rest of this section, we fix a generic parameter c and simply write H for H c .
By Theorem 3.1 (2), if w and w ′ are of minimal length in a given conjugacy class O of W , then the image of T w and T w ′ in the cocenter H = H/[H, H] are the same. We denote it by T O .
By Theorem 3.1 (1),
By comparing the number of irreducible representations of H and the number of conjugacy classes of W , one deduces that {T O } is in fact a basis ofH. Therefore, Theorem 3.2. Let W be a finite Coxeter group and H c is the Hecke algebra of W and generic parameter c. Then T r :H c → R(H c )
* is an isomorphism of vector spaces.
This leads to the definition and study of "character table" of finite Hecke algebras in [GP1] .
Affine Hecke algebras
4.1. The main purpose of this note is to study the (extended) affine Hecke algebra of (extended) affine Weyl groups. Let us first recall the definition.
Let Φ = (X, R, X ∨ , R ∨ , Π) be a based root datum and W 0 = W (R) be the finite Weyl group. The affine Weyl group and the extended affine Weyl group are defined to be
The affine Weyl group W a is a Coxeter group with a set of simple reflectionsS. The extended affine Weyl groupW , strictly speaking, is not a Coxeter group. However,W is a quasi-Coxeter group, in the sense that there is a natural length function onW such thatW = W a ⋊ Ω, where Ω is the set of length-zero elements inW .
For example, the extended affine Weyl group associated to the p-adic group GL n (Q p ) is the extended affine Weyl group Z n ⋊ S n . This is the reason that we are interested in the extended affine Weyl groups, not just the affine Weyl groups.
4.2. Fix a set of indeterminates q = {q(s) : s ∈S} such that q(s) = q(t) if s and t are conjugate inW , and let Λ = Z[q(s) ±1 : s ∈S]. We define the extended affine Hecke algebraH and its specializatioñ H c in a similar way as in §2.2. The basis {T w } w∈W gives the IwahoriMatsumoto presentation ofH. It is related to the quasi-Coxeter structure ofW .
For any J ⊂S, we denote by W J the subgroup of W a generated by the simple reflections in J. If W J is finite, then we call it a parahoric subgroup ofW and we denote by H f in J the parahoric subalgebra generated by T w for w ∈ W J . 4.3. Another presentation we need for H is the Bernstein-Lusztig presentation.
(a) {θ x T w ; x ∈ X, w ∈ W 0 } is a basis of H. The definition can be found in [Lu] . This presentation is related to the semi-productW = X ⋊W 0 . It plays an important role in the study of representations of affine Hecke algebras, especially the (parabolic) induction and restriction functors.
For any J ⊂ Π, let H J be the parabolic subalgebra of H generated by {θ x T w ; x ∈ X, w ∈ W J }. This is the affine Hecke algebra for the parabolic subgroupW J = X ⋊ W J , for some parameters.
We may then define the (parabolic) induction and restriction functors:
4.4. For J ⊂ Π, we have the central character χ t of H J,c ′ , here t runs over a complex torus T J associated to J. If σ ∈ R(H J,c ′ ), then σχ t ∈ R(H J,c ′ ). Following Bernstein, Deligne and Kazhdan, we say that a form f ∈ R(H c ) * is good if for any J ⊂ Π and σ ∈ R(H J,c ′ ), the function t → f (i J (σχ t )) is a regular function on T J . The following result is proved in [BDK] and [Kaz] . 
Cocenter of affine Hecke algebras
5.1. In this section, we discuss the structure ofH. In order to do this, we first need to generalize Theorem 3.1 to affine Weyl groups. This is rather nontrivial as in general, a conjugacy class in an affine Weyl group contains infinitely many elements, and thus it is impossible to check by computer via brute force whether the desired properties hold even for a very simple group such as Z 3 ⋊ S 3 .
The idea is to use the arithmetic invariants of conjugacy classes inW .
There are two invariants. The first invariant is given by Kottwitz map κ :W →W /W a , sending an element to its coset. The second invariant is given by the Newton point. It is defined as follows.
For w ∈W , w |W 0 | = t λ for some λ ∈ X. The Newton point ν w of w is defined to be ν w = λ/|W 0 | ∈ X Q . We denote byν w the unique dominant element in W 0 · ν w .
The map
is constant on each conjugacy class ofW . Each fiber is a union of finitely many conjugacy classes ofW . It allows us to reduce from affine Weyl groups to finite Weyl groups (associated to the Newton point).
Although not needed in this note, it is worth mentioning that the map f also relates the Frobenius-twisted conjugacy classes of a p-adic group with the conjugacy classes of its Iwahori-Weyl group, and plays a crucial role in the study of affine Deligne-Lusztig varieties and Newton strata of Shimura varieties. We refer to [He2] and [He3] for more details. Now we have the following properties on extended affine Weyl groups, first discovered in [He1] for some classical groups and then proved in [HN2] in general.
Theorem 5.1. LetW be an extended affine Weyl group and O be a conjugacy class. Let O min be the set of minimal length elements in O.
Then
(1) Each element w of O can be brought to a minimal length element w ′ by conjugation by simple reflections which reduce or keep constant the length.
(2) Any two elements in O min are "strongly conjugate", i.e., conjugate in the associated Braid group.
Similar to the argument for finite Hecke algebras, we have the IwahoriMatsumoto presentation of the cocenter of extended affine Hecke algebras.
Theorem 5.2. Let H be an extended affine Hecke algebra. Then
(1) For any conjugacy class O ofW and w, w ′ ∈ O min , the image of T w and T w ′ inH are the same. We denote it by T O .
(2) {T O } spans ofH.
It is much harder to prove that {T O } is linearly independent. The reason is that bothH and R(H) are of infinite rank and thus one can't compare their rank directly to make the conclusion. For equal parameter case, linearly independence is proved in [HN2] using Lusztig's Jring. The general case is proved in [CH2] using the cocenter-representation duality and will be discussed in §6.
5.3. In order to relate the cocenter to the representations, we also need the Bernstein-Lusztig presentation forH. This is based on the following parametrization of conjugacy classes ofW in [HN3] . For an affine Hecke algebra H c , the elliptic quotient is defined to be
Opdam and Solleveld in [OS] studied the affine Hecke algebras for positive parameters and showed that Theorem 6.1. Let c be a positive parameter function on H. Then (1) The dimension of R(H c ) ell is at most the number of elliptic conjugacy classes ofW .
(2) The inequivalent discrete series forms an orthogonal set of R(H c ) ell .
In particular, one has an upper bound for the number of irreducible discrete series for affine Hecke algebra of positive parameters. A lower bound can be obtained by counting the central characters of the discrete series. This leads to the classification of irreducible discrete series for affine Hecke algebras of positive parameters in [OS2] .
6.2. The method of Opdam-Solleveld is analytic, passing from H to its Schwartz algebra, a certain topological completion of H. For Hecke algebras of p-adic groups, the elliptic quotient and its relation with the trace map was also studied in [BDK] and analytic methods were used to obtain an upper bound of the dimension of the elliptic quotient. 6.3. Here is our motivation to develop a different method to study elliptic representation theory for affine Hecke algebras.
First, we would like to understand the affine Hecke algebras for arbitrary parameters (not just the positive parameters) and for representations over a field of positive characteristics. Thus we'd prefer to have a more algebraic method.
Second, we'd like to put the elliptic quotient in the framework of "cocenter-representation duality". Namely, the elliptic quotient R(H c ) ell corresponds to a subspace ofH via the trace map T r :H ×R(H) C → C. What is this subspace? Results in [BDK] indicates that this subspace is very complicated and may not have a nice explicit description.
6.4. The idea in [CH2] is to replace the elliptic quotient by the socalled rigid quotient. For simplicity, we only give the definition for extended affine Hecke algebras associated to semisimple root data. We simply write H for H c .
We define a subspace ofH by the arithmetic invariants:
and a quotient space of R(H) C by
the quotient of R(H) be the difference of induced modules. We call R(H) rig the rigid quotient of H. BothH 1 and R(H) rig are finite dimensional.
The main result in [CH2] is that Theorem 6.2.
(1) For generic parameters, the trace map T r :H × R(H) C → C induces a perfect pairing
In particular, dim R(H) rig = dimH Π equals the number of conjugacy classes inW whose Newton points equal to zero.
(2) For arbitrary parameter, the induced map T r :H Π → R(H) * rig is surjective.
We call Theorem 6.2 (a) the "cocenter-representation" duality for affine Hecke algegbras. Now we discuss some consequences. 6.5. In fact, we have a natural projection map R(H) rig → R(H) ell . We may choose a basis of R(H) rig , which includes a basis of R(H) ell as a subset. We also have a standard basis onH Π , the IwahoriMatsumoto/Bernstein-Lusztig basis. The matrix associated to T r : H Π × R(H) rig → C is in general, far from being block triangular. This is the reason that the "dual" of elliptic quotient is hard to understand and the reason that we consider the rigid quotient instead.
On the other hand, one gets the upper bound of the dimension of the elliptic quotient space from the estimate on the rigid quotient space.
Corollary 6.4. For arbitrary parameters, the dimension of R(H c ) ell is at most the number of elliptic conjugacy classes ofW .
We also have the following deformation theorem [CH2] .
Theorem 6.5. For a generic parameter function c, there exists a basis {V π,c } of R(H) Q such that for any w ∈W and any π, the action of T w on V π,c depends analytically on the parameter function c.
For affine Hecke algebra with positive paramenters, a similar result was obtained by Opdam and Solleveld in [OS2] using Schwartz algebras. The idea of our proof (without the restriction on positive parameters) is to use Lusztig's graded affine Hecke algebras [Lu] and the deformation theorem for graded affine Hecke algebras obtained in [CH1] . The passage from affine Hecke algebras to graded affine Hecke algebras is analytic. This is the reason that we have the analytic deformation theorem here. However, we expect that there exists a family of representations depending algebraically on the parameter function.
7. The "Modular case" 7.1. Now we move to the more "modular case". Here instead of C, we consider an algebraically closed field k of positive characteristic. We also consider the case where the parameter is a root of unity. We have the extended affine Hecke algebra H c,k . The situation is much more complicated and one can't expect to have a perfect pairing as in Theorem 6.2 (1). However, we expect that the cocenter-representation duality still holds (under some modification) and provide useful information on the representations of affine Hecke algebras in the "modular case". First we consider the case whereW is the Iwahori-Weyl group of SL 3 . Then Ω = {1} and I consists of three subsets ofS: {0, 1}, {1, 2}, {0, 2}. The rank is given as follows.
SL 3
char(k) = 3 char(k) = 3 Φ 3 (q) = 0 3 3 Φ 3 (q) = 0 0 0
Then we consider the case whereW is the Iwahori-Weyl group of P GL 3 . Then Ω = Z/3Z and I consists of four subsets ofS: {0, 1}, {1, 2}, {0, 2} and ∅. The first three subset are conjugate inW and W ♯ ∅ = Ω. The rank is given as follows.
P GL 3
char(k) = 3 char(k) = 3 Φ 2 (q) = 0 3 1 Φ 2 (q) = 0 2 0 7.5. Let us discuss the case where k = C and c is a constant (i.e. equal parameter case). In this case, H f in J,c,C is semisimple for any J if and only if the parameter is not a root of Poincaré polynomial for W 0 . The conjectural equality in Question 7.1 for H c,C and its parabolic subalgebras indicates how the "number" of irreducible representations changes when the parameter changes to a root of Poincaré polynomial.
In particular, if the parameter is not a root of Poincaré polynomial, then the parametrization of irreducible representations is independent of the choice of the parameter. For a root datum Φ whose associated group has simply connected derived group, this is proved by Xi in [Xi] .
